Neutron Star Matter by Wambach, Jochen
Compact Stars in the QCD Phase Diagram III (CSQCD III)
December 12-15, 2012, Guaruja´, SP, Brazil
http://www.astro.iag.usp.br/~foton/CSQCD3
Neutron Star Matter
Jochen Wambach
Institut fu¨r Kernphysik
Technische Universita¨t Darmstadt
Schlossgarten Str. 2 64289 Darmstadt
Germany
Email: wambach@physik.tu-darmstadt.de
1 Introduction
Neutron stars are the densest stars in the universe. They are the remnants of violent
explosions of massive progenitors in type II supernovae after collapse of the iron core.
Neutron-star matter is bound by gravity and the central density can reach several
times that in interior of a heavy nucleus. The largest masses currently known are
those of the pulsars PSR J1614-2230 and PSR J0348+043 with 1.97 ± 0.04 [1] and
2.01 ± 0.04 [2] solar masses respectively. Both are in binaries with a white dwarf
companion which allows precise measurements of the pulsar mass.
In General Relativity, the maximum mass of a neutron star is determined by the
equation of state (EoS), P (), which relates pressure and energy density. The EoS is
determined by the composition of the neutron star. A schematic sketch is given in
Fig. 1.
Figure 1: Schematic view of the composition of a neutron star [3]
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While the properties of the outer crust and parts of the inner crust are fairly well un-
derstood there remain a varity of interesting questions for the deeper interior. These
include the possible existence of exotic nuclear shapes (pasta phases) at the interface
of the inner crust and the outer liquid core. Also the nuclear pairing properties in
the neutron-proton liquid and their relation to the (neutrino) cooling rates remain
under debate. One of the most interesting questions, however, relates to the very
dense inner core. Since the density can potentially reach values where nucleons start
to overlap, one might expect a transition to deconfined quark matter. Whether such
a new state of hadronic matter is realized, depends on many details of the high-
density EoS, which are poorly understood at present. Here, the high-mass pulsars
PSR J1614-2230 and PSRJ0348+043 put severe constraints.
In the following, I will discuss two facets of the high-density EoS. The first relates
to properties of the outer liquid core and the role of the symmetry energy. The
symmetry energy is one of the terms in the Bethe-Weizsa¨cker mass formula for a
nucleus of mass number A with Z protons and N neutrons:
Esym = asym
(N − Z)2
A
; A = Z +N (1)
and determines the change in nuclear binding energy with proton-neutron asymmetry.
For homogeneous nuclear matter with number densities nn and np for neutrons and
protons, the corresponding symmetry energy, S(n), specifies the difference in energy
compared to the symmetric case (np = nn) as
∆E ' S(n)
(
nn − np
n
)2
; n = nn + np . (2)
As will be detailed below, its density dependence is decisive for the mass-radius
relation of neutron stars [4] and precise constraints from nuclear physics are highly
desirable.
The second part of the discussion deals with a more speculative issue relating to
deconfined quark matter in the inner core of a neutron star. Quantum Chromodynam-
ics (QCD) predicts that the (approximate) chiral symmetry of left- and right-handed
quarks is spontaneously broken in the vacuum of the strong interaction. This gives
rise to a non-vanishing ground-state expectation value 〈0| qq |0〉 of the scalar quark-
field bilinear which is called the chiral condensate (CC). Physically, it is a measure
for the non-perturbative generation of a ’constituent’ quark mass of around 300-500
MeV. Due to asymptotic freedom, it is expected that the CC vanishes at high density
and chiral symmetry is restored. The quarks loose their consttuent mass and aquire
their much smaller ’Higgs’ masses. As will be discussed, the transtion to the restored
phase is likely to proceed through a series of spatially inhomogeneous phases with
modulations in the quark density. This situation is similar to the pasta phases at the
crust-core boundary. If such phases were to occur in the inner core of a neutron star
2
they could have interesting consequences for transport properties and the interaction
with the star’s magnetic field.
2 A new constraint on the Symmetry Energy
Uncertainties in the high-density EoS of neutron-star matter are encoded in the den-
sity dependence of the symmetry energy, S(n). A compilation of theoretical extrapo-
lations from the properties of known nuclei is shown in the left panel of Fig. 2 which
reveals large uncertainties above nuclear saturation density, n0 = 0.16 fm
−3.
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the high-density EOS of cold nuclear matter must come from the observation of massive neutron
stars.
In contrast, laboratory experiments may play a critical role in constraining the size of neutron
stars. This is because neutron-star radii are controlled by the density dependence of the
symmetry energy in the immediate vicinity of nuclear-matter saturation density [32]. Recall
that the symmetry energy represents the energy cost in converting protons into neutrons (or
viceversa) and may be viewed as the difference in the energy between pure neutron matter and
symmetric nuclear matter. A particularly critical property of the symmetry energy is its slope at
saturation density—a quantity customarily denoted by L [33]. Unlike symmetric nuclear matter,
the slope of the symmetry does not vanish at saturation density. Indeed, L is simple related to
the pressure of pure neutron matter at saturation density. That is,
P0 =
1
3
ρ0L . (4)
Although the slope of the symmetry energy is not directly observable, it is strongly correlated
to the thickness of the neutron skin of heavy nuclei [34, 35]. Heavy nuclei develop a neutron
skin as a consequence of a large neutron excess and a Coulomb barrier that hinders the proton
density at the surface of the nucleus. The thickness of the neutron skin depends sensitively on
the pressure of neutron-rich matter: the greater the pressure the thicker the neutron skin. And
it is exactly this sa e pressure that suppor s neutron stars against gravitational collapse. Thus
models with thicker neutron skins often produce neutron stars with larger radii [27, 36]. Thus,
it is possible to study “data-to-data” relations between the neutron-rich skin of a heavy nucleus
and the radius of a neutron star. We illustrate these ideas in Fig. 5 where the neutron-skin
does not. Then, we have to conclude that a 3% accuracy in
APV sets modest constraints on L, implying that some of
the expectations that this measurement will constrain L
precisely may have to be revised to some extent. To narrow
down L, though demanding more experimental effort, a
!1% measurement of APV should be sought ultimately in
PREX. Our approach can support it to yield a new accuracy
near !!rnp ! 0:02 fm and !L! 10 MeV, well below any
previous constraint. Moreover, PREX is unique in that the
central value of !rnp and L follows from a probe largely
free of strong force uncertainties.
In summary, PREX ought to be instrumental to pave the
way for electroweak studies of neutron densities in heavy
nuclei [9,10,26]. To accurately extract the neutron radius
and skin of 208Pb from the experiment requires a precise
connection between the parity-violating asymmetry APV
and these properties. We investigated parity-violating elec-
tron scattering in nuclear models constrained by available
laboratory data to support this extraction without specific
assumptions on the shape of the nucleon densities. We
demonstrated a linear correlation, universal in the mean
field framework, between APV and!rnp that has very small
scatter. Because of its high quality, it will not spoil the
experimental accuracy even in improved measurements of
APV. With a 1% measurement of APV it can allow one to
constrain the slope L of the symmetry energy to near a
novel 10 MeV level. A mostly model-independent deter-
mination of !rnp of
208Pb and L should have enduring
impact on a variety of fields, including atomic parity
nonconservation and low-energy tests of the standard
model [8,9,32].
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FIG. 3 (color online). Neutron skin of 208Pb against slope
of the symmetry energy. The linear fit is !rnp ¼ 0:101þ
0:001 47L. A sample test constraint from a 3% accuracy in
APV is drawn.
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Figure 5. (Color online) The left-hand panel displays the correlation between the neutron-skin
of 208Pb and the slope of the symmetry energy for a variety of nonrelativistic and relativistic
models [37]. The right-hand panel shows the correlation between the neutron-skin of 208Pb and
the radius of a 1.4M⊙ neutron star for two relativistic mean-field models.
thickness of 208Pb (∆rnp) is plotted on the left-hand panel against the slope of the symmetry
energy (L) for a variety of nonrelativistic and relativistic models [37]. The correlation between
these two quantities is extremely strong (0.979) and indicates that th neutron skin of 208Pb
may be used as a proxy for the determination of a fundamental property of the EOS. Also shown
Figure 2: Left panel: Density depend nce of the nuclear symmetry ne gy as ex-
trapolated from the properties of known nuclei [5] (ρ = n). Right panel: Correlation
between the skin thickness ∆rnp of
208Pb and the slope L of the symmetry energy at
nuclear saturation density, n0 [6].
Of special importance is the slope of S(n) a satur tion d nsity: L = 3n0(dS/dn)n0 ,
which is directly related to the pressure P0 of pure n utron matter at this density
since L = 3P0/n0 [7] and hence the neutron-star radius. While L is not directly
observable, one can use its strong correlation with the neutron skin thickness ∆rnp
of a heavy nucleus to obtain experimental constraints. This correlation is displayed
in the right panel of Fig. 2 as predicted both in non-relativistic- as well relativistic
mean-field models [6]. The precise measurement of ∆rnp of
208Pb is the objective of
the PREX experiment at the Jefferson Laboratory by using parity-violating electron
scattering. The current value of ∆rnp = 0.34
+0.15
−0.17 fm [8] still suff rs from limited
statistics and is to be improved in the future.
An alternative to obtain experimental information on ∆rnp of heavy nuclei and
hence L is through their static electric dipole polarizability, αD. The strong correla-
3
tion between αD and ∆rnp (left panel of Fig. 3) has been established in mean-field
models [9, 10]. The nuclear dipole polarizability is defined through the frequency-
dependent dipole strength function SD(ω) =
∑
N |〈N |D |0〉|2δ(ω − EN) (or equiva-
lently the photo-absorption cross section σabs) as
αD =
8pie2
9
∫
dω
SD(ω)
ω
=
1
2pi2e2
∫
dω
σabs(ω)
ω2
, (3)
where ω denotes the nuclear excitation (photon) energy.
Because of the inverse energy weighting, αD sensitively depends on the E1 strength
at low energies. A complete measurement of the dipole response SD(ω) for
208Pb has
recently been achieved through inelastic scattering of polarized protons at very for-
ward angles at RCNP in Osaka [11]. The extracted dipole strength, being consistent
with σabs above the neutron-emission threshold, has also allowed to uniquely deduce
the sub-threshold strength, which is crucial because of the inverse-energy weighting
in Eq. 3.
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Figure 3: Left panel: Correlation between ∆rnp and the electric dipole polarizability
αD in
208Pb established in Ref. [9]. Right panel: astrophysical constraints on the
(volume) symmetry energy S(n0) and its slope L [12].
Exploiting the tight correlation between αD and ∆rnp (left panel of Fig. 3), the
measured value of αD = 20.1±0.6 fm3/e2 [11] translates into a skin thickness ∆rnp =
0.156±0.021 fm, which is much more precise than the current PREX result. It enters
prominently into the current contraints on the slope parameter L [12] (right panel of
Fig. 3).
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3 Inhomogeneous phases in the inner core
There have been many speculations whether, in the inner core of a neutron star, the
density is sufficiently large to induce a transition to a state in which quarks become
deconfined. In this novel state a variety of new phases have been predicted, most
prominenty chirally restored phases in which quarks loose their constituent mass as
well as ”color-superconducting” phases where quarks of different flavors appear in
paired states.
In most studies of chiral symmetry restoration in high-density quark matter it is
tacitly assumed that the chiral order parameters of the various phases are uniform
in space. On the other hand, they could be spatially modulated [13]. In the mean-
time, several studies in QCD-like models such as the Nambu Jona-Lasinio model or
the chiral quark-meson model have revealed that this is indeed a possibility. Most
investigations on inhomogeneous chiral phases assume simplified forms for their spa-
tial variation. A popular example is the ’chiral density wave’ in which the (complex)
chiral order parameter rotates uniformly in space. This is analogous to the so-called
Fulde-Ferrel phases in (color-) superconductivity [14].
More general spatial modulations are more difficult to obtain. By embedding exact
one-dimensional solutions [15] of QCD-like models in 3d-space [16] it has become
possible, however, to find the energetically most favorable 1d-modulations (plates) as
a function of temperature T and chemical potential µ. The resulting phase diagram,
displayed in the left panel of Fig. 4, indicates that the inhomogeneous phase covers the
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Figure 4: Left panel: region of inhomogeneous 1d-chiral phases in the QCD phase
diagram [16]. The solid blue line marks the phase boundary for a homogeneous first-
order chiral transition. Right panel: chiral phase diagram in terms of number density
n rather than chemical potential [17].
region where a first-order chiral transition would occur for a spatially homogeneous
transition. The latter case features a line of first-oder transitions which ends in a
5
critical point of second order, much like in a liquid-gas transition. Allowing for spatial
inhomogeneities this chiral critical point disappears from the phase diagram, leaving
only a ’Lifshitz point’ in which three second-order lines meet [16, 18]. Moving from
low to high chemical potential, the spatial profile of the condensate changes gradually
from a periodic kink solution to a sinusoidal modulation, whose amplitude decreases
continuously until the chirally restored homogeneous phase is finally reached. The
temperature dependence of the Lifschitz point and its density dependence (right panel
of Fig. 4) are rather insensitve to the assumptions of effective QCD-like models.
Limiting oneself to one-dimensional structures is a strong assumption. Especially
at lower temperatures, higher-dimensional modulations are to be expected. In fact,
it has long been known that 1d-phases are unstable to thermal fluctuations and true
long-range order cannot exist [19]. It is therefore important to also investigate higher-
dimensional modulations of the chiral order parameter.
The implemetation of general periodic structures turns out to be computation-
ally demanding. Therefore, sofar, only 2d-structures have been looked at, assuming
square- and hexagonal arrays of rod-like structures (Fig. 5) with sinusoidal variation
of chiral condensate (mass function) in the x- and y-direction, i.e
M(x, y) = M cos(Qx) cos(Qy) square
M(x, y) =
M
3
[
2 cos(Qx) cos
(
1√
3
Qy
)
+ cos
(
2√
3
Qy
)]
hexagonal (4)
where M denotes the amplitude and Q the wavevector.
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Figure 5: Normalized mass functions M(x, y) for two-dimensional spatial modulations
of the chiral condensate. Left panel: square lattice. Right panel: hexagonal lattice.
The results of the numerical minimization of the thermodynamic potential [20]
are presented in Fig. 6. For both lattice geometries a sharp onset of the crystalline
phase is observed around µ ≈ 310 MeV followed by a smooth approach to the restored
phase through a continuous decrease in amplitude and an increase in wavenumber Q.
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Figure 6: Amplitude M and wave number Q at T = 0 as functions of the chemical
potential µ of 2d modulations the mass function [20]. Left panel: square lattice.
Right panel: hexagonal lattice.
To find the true ground state one has to compare the free energies of the various
phases with each other. The results are displayed in Fig. 7.
One observes that the one-dimensional plate-like solutions lead to the biggest gain
in free energy compared to all the other cases. In particular, the two-dimensional rod-
like structures turn out to be energetically disfavored with respect to one-dimensional
solutions throughout the whole inhomogeneous window.
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Figure 7: Thermodynamic potential relative to the restored phase for different 1d-
and 2d modulations of the chiral condensate at T = 0 [20].
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4 Summary and Conclusion
In this contribution I have discussed two aspects in the physics of neutron stars. The
first dealt with a recent measurement of the electric dipole polarizabitiy of 208Pb from
which the neutron skin thickness can be determined rather precisely. This adds an
important nuclear physics contraint to the symmetry energy and its derivative and
hence the EoS of neutron matter. The second, more speculative, aspect focussed
on possible inhomogeneous chiral phases in the inner core, provided deconfined quark
matter would exist in this region. The energetically favored phases are acompanied by
periodic density modulations which may have important implications for the transport
properties of the inner core.
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